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Abstract

We determine the mass of extremal doubly-even self-dual binary codes of length 40. It
follows that there are at least 12579 such codes.
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I Introduction

We assume the reader is acquainted with codes and lattices; see [1] and [2] for background. A
binary code is said to be of Type II if it is self-dual and it is doubly even (meaning the Hamming
weight of each codeword is divisible by 4). Type II codes of length n exist only for n divisible by 8,
and they have been completely enumerated (up to equivalence) for n = 0 (1 code), n = 8 (1 code),
n = 16 (2 codes), n = 24 (9 codes), and n = 32 (85 codes) (see [3, 4, 5]). The mass Mn of Type II
codes of length n is defined to be

Mn =
∑

C

1
|Aut(C)|

with the sum taken over a complete set of inequivalent Type II codes C of length n. MacWilliams,
Sloane and Thompson [6] have shown that

Mn =
2
n!

n/2−2∏

i=1

(2i + 1)

for n divisible by 8. This formula provides a check for the enumerations of Type II codes of length
n ≤ 32, and according to Rains and Sloane in [1] it suggests that “length 32 is probably a good
place to stop,” since

M40 =
2377696177368502121671913075767

135923795925811870040064000
= 17492.86

(which implies that there are at least 17493 Type II codes of length 40).
The minimal distance d of any Type II code of length n satisfies d ≤ 4bn/24c + 4, and a code

for which equality holds is called extremal [7]. Notice that for n = 24, 32, and 40, a Type II code
is extremal if its minimal distance is 8. The Golay code g24 is the unique extremal Type II code of
length 24 [8], and there are five extremal Type II codes of length 32 [4]. By a computation involving
Fourier coefficients of Siegel Eisenstein series we have shown:

Theorem 1 The mass of extremal Type II codes of length 40 is

888096280193441
70601932800

= 12578.92.

Thus there are at least 12579 inequivalent extremal Type II codes of length 40. We shall not
conjecture on whether length 32 is a good place to stop with the enumeration of extremal Type II
codes, but do note that 1000 such codes of length 40 have already been constructed by Harada in [9].
(See also [10, 11, 12, 13, 14, 15, 16], which collectively construct between 100 and 200 inequivalent
extremal Type II codes of length 40, some of which may be equivalent to codes in [9].)
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Remark 1 We could tighten the lower bound of 12579 a bit by accounting for the contribution
that the known codes make to the mass, since many of them have nontrivial automorphism groups.
For example, the 45 codes in [14] each have automorphisms of order 5, so their combined mass is
at most 9, and we can add 36 = 45− 9 to the lower bound of 12579.

II Overview of computation

For a root system R, let w(R) denote the order of the Weyl group of R, and let mn(R) denote
the mass of the even unimodular n-dimensional lattices with root system R. There is a one-to-
one correspondence between equivalence classes of even unimodular n-dimensional lattices Λ with
root system An

1 and equivalence classes of Type II codes C of length n with minimal distance
d ≥ 8. This correspondence is induced by the map Λ 7→ Λ/Q ∼= C, where Q is the sublattice of
Λ generated by the root system An

1 ; the inverse map, taking a code C of length n to the lattice
Λ = {x ∈ Rn | √2 x (mod2) ∈ C}, is known as Construction A [17]. The correspondence has the
property that |Aut(Λ)| = w(An

1 ) · |Aut(C)|, where w(An
1 ) = 2n. (This is the simplest case of a

more general correspondence between lattices with root systems of full rank and self-dual codes,
described by Venkov in [18].) Thus we have

∑

C

1
|Aut(C)| =

∑

Λ

2n

|Aut(Λ)| = 2n ·mn(An
1 )

with the first sum taken over a complete set of inequivalent Type II codes C of length n and minimal
distance d ≥ 8, and the second sum taken over a complete set of inequivalent even unimodular n-
dimensional lattices Λ with root system An

1 . Theorem 1 then follows from the computation of
m40(A40

1 ), which we describe below.
In [19] we gave an algorithm (suggested by Borcherds) for computing the mass of even unimod-

ular n-dimensional lattices having any given root system R, and for n = 32 we computed this mass
for each R. We were mainly interested in R = ∅, but to compute mn(R) we first had to compute
mn(S) for all S into which R embeds. To speed up the computation here, only those root systems of
rank n = 40 into which A40

1 embeds need be considered, namely those whose components are all of
the form A1, E7, E8, or Dk for even k. (The computation in [19] took about two weeks; the compu-
tation here took under an hour.) Order all such root systems R1, . . . , Rs so that det(Ri) ≥ det(Rj)
if i > j. Then the mass mn(Ri) of lattices with root system Ri may be computed using the formula

mn(Ri) =
1

r(Ri, Ri)



mn · an(Ri)−

i−1∑

j=1

r(Rj , Ri)mn(Rj)





where r(M, N) is the number of representations of N by M ,

mn =
∑

Λ

1
|Aut(Λ)|

is the mass of even unimodular n-dimensional lattices (with the sum taken oven a complete set of
inequivalent even unimodular n-dimensional lattices Λ), and

an(N) =
1

mn

∑

Λ

r(Λ, N)
|Aut(Λ)|

is the average number of representations of N by a complete set of inequivalent even unimodular
n-dimensional lattices Λ. For root lattices R and S, calculating r(R,S) is basically combinatorial;
the problem is NP-Hard, but is still manageable in dimension 40. By the Minkowski-Siegel mass
formula (see [2]), for positive n divisible by 8 we have

mn =
|Bn/2|

n

n/2−1∏

i=1

|B2i|
4i
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Table 1: Masses of even unimodular 40-dimensional lattices with root system R, where A40
1 embeds

into R and R has least 24 components A1.

R m40(R) · w(R) R m40(R) · w(R)

A40
1

888096280193441
70601932800 A26

1 D6E8
1

11232

A36
1 D4

9170954969
580608 A26

1 D6D8
3883
2880

A34
1 D6

4756559
13056 A26

1 D2
4D6

43841669
34560

A33
1 E7

16867
69120 A26

1 D4D10
187
432

A32
1 E8

233
1904640 A26

1 D14
1

11232

A32
1 D8

1646341
368640 A25

1 D8E7
193

60480

A32
1 D2

4
55807181887

4423680 A25
1 D2

4E7
7669
3456

A30
1 D4D6

60964691
69120 A24

1 E2
8

1
489646080

A30
1 D10

7757
92160 A24

1 D2
8

567733
21288960

A29
1 D4E7

2209
2304 A24

1 D8E8
1

138240

A28
1 D2

6
13564391
552960 A24

1 D6D10
799

15120

A28
1 D3

4
564203333

69120 A24
1 D4

4
52842490261

11612160

A28
1 D4E8

1
1344 A24

1 D2
4E8

49
18432

A28
1 D4D8

55147
3456 A24

1 D2
4D8

3057517
92160

A28
1 D12

365
157248 A24

1 D4D
2
6

49858969
483840

A27
1 D6E7

2257
27648 A24

1 D4D12
1163
69120

A26
1 E2

7
37

399360 A24
1 D16

443
61205760

where Bi is the ith Bernoulli number. Let B denote 1/2 times the Gram matrix of the lattice
generated by R. Then by a theorem of Siegel’s (see [20, Theorem 6.8.1]), an(R) = 1/2 · cn,n/2(B),
where cn,k(B) is given by

(−1)nk/22n(k−(n−1)/2)(det B)(2k−n−1)/2 b(B, k)
2k∏

i=2k−n+1

πi/2

Γ(i/2)
.

Here b(B, k) is the Siegel series, which can be calculated using the formula given by Katsurada
in [21]. (For k > n, cn,k(B) is the Fourier coefficient of B in the Siegel Eisenstein series of degree
n and weight k.) The key is that an(R) can be computed without knowing what all the even
unimodular n-dimensional lattices Λ are, which is fortunate since there are at least 2mn of them,
and m40 = 4.39× 1051. Of the root systems R into which A40

1 embeds, there are 475 for which the
mass m40(R) is nonzero; Table 1 lists m40(R) ·w(R) for those R which have at least 24 components
A1.

Remark 2 From this table we can also recover the mass of extremal Type II codes of length 24
and 32, since m24(A24

1 ) ·w(A24
1 ) = m40(A24

1 E2
8) · 2w(A24

1 E2
8) and m32(A32

1 ) ·w(A32
1 ) = m40(A32

1 E8) ·
w(A32

1 E8); these values agree with the known enumerations by Pless and Conway.
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